Abstract. In this chapter we give a survey on noncommutative main conjectures of Iwasawa theory in a geometric setting, i. e. for separated schemes of finite type over a finite field, as stated and proved by Burns and the author. We will also comment briefly on versions of the main conjecture for function fields.
In this chapter we give a survey on noncommutative main conjectures of Iwasawa theory in a geometric setting, i. e. for a separated scheme of finite type over a finite field, as stated and proved in [Wit10] and [Bur11b] . We begin by formulating the conjecture in Section 1 and then give a sketch of the proof in Section 2. In Section 3 we will comment on the special case that the scheme is smooth, geometrically connected, and of dimension 1, which corresponds to an analogue of the main conjecture for function fields.
Formulation of the Conjecture
As a motivation, let us begin by recalling the formulation of the main conjecture in the number field case from [CK12, Thm. 5.1]. Since the letter p is conventionally reserved to denote the characteristic of the base fields appearing later in the text, we will denote by ℓ the prime which is conventionally denoted by p in Iwasawa theory. Fix a totally real number field F and an admissible ℓ-adic Lie extension F ∞ /F in the sense of [CK12, §1] . (In particular, F ∞ is also totally real.) Let κ F denote the cyclotomic character. Theorem 1.1. Let F ∞ /F be unramified outside the finite set of primes Σ (with ℓ ∈ Σ) and assume its Galois group G contains no element of order ℓ. If the generalized Iwasawa conjecture holds for F ∞ /F , then there exists a ζ F∞/F ∈ K 1 (Λ(G) S ) satisfying the interpolation property ζ F∞/F (ρκ n F ) = L Σ (ρ, 1 − n) for all Artin representations ρ of G and the equation
Our aim is to formulate an analogue of this theorem for a separated scheme X of finite type over the field F q with q elements. For this, we need to introduce for any prime ℓ an appropriate notion of admissible ℓ-adic Lie extensions, a replacement for the Λ(G)-module X (F ∞ ), and the corresponding L-functions. This will be the content of the following paragraphs. To avoid technicalities, we will additionally assume that X is geomtrically connected. However, we will not exclude the case ℓ = p, where p denotes the characteristic of F q . In the following, we will allow ourselves to neglect the base points in our notation.
We extend the above correspondence to closed normal subgroups V of πé t 1 (X, ξ) by writing f : Y → X for the projective system of X-schemes (f U : Y U → X) where U runs over the open normal subgroups of πé t 1 (X, ξ)/V and Y U denotes the Galois cover associated to the preimage of U in the fundamental group of X. The pro-scheme Y will then be called a Galois extension of X with Galois group Gal(Y /X) = πé t 1 (X, ξ)/V There exists a precise analogue of the cyclotomic Z ℓ -extension of a number field in the geometric setting, namely the unique Z ℓ -extension F q ℓ ∞ /F q of the base field. If ℓ = p and if we suppose that X is connected and normal, this is in fact the only Z ℓ -extension by the Katz-Lang finiteness theorem [KS09, Thm. 2.8]. There are examples of non-normal X with additional Z ℓ -extensions. For ℓ = p one can find in general infinitely many other Z p -extensions of X.
The analogue of an admissible ℓ-adic Lie extension of F is then given by the following Definition 1.2. An Galois extension Y → X is defined to be an admissible ℓ-adic Lie extension if the Galois group Gal(Y /X) is an ℓ-adic Lie group and if
Comparing with the definition in the number field case [CK12, Sect. 1], we note that the extension Y → X is by definition (pro-)étale and therefore unramified. Of course, there is no analogue of a totally real extension for our scheme X and we may simply drop this extra condition.
1.2. Algebraic K-Theory. We chose a slightly different approach to algebraic K-theory than the one given in [Suj12, §1] .
Let R be any ring and S ⊂ R a left denominator set, i. e. a multiplicatively closed subset satisfying
(1) (Ore condition) for each s ∈ S, b ∈ R there exist s ′ ∈ S, b ′ ∈ R such that b ′ s = s ′ b, and (2) (annihilator condition) for each s ∈ S, b ∈ R with bs = 0 there exists s ′ ∈ S with s ′ b = 0.
Then the left quotient ring R S with respect to S exists and one can define a long exact localisation sequence
. If R is left noetherian, then the annihilator condition is implied by the Ore condition. A left denominator set is then also referred to as left Ore set.
We can obtain the following explicit description of the sequence in terms of perfect complexes. Recall that a complex of modules over a ring R is said to be strictly perfect if it is bounded and all modules are finitely generated and projective. The complex is called perfect if it is quasi-isomorphic to a strictly perfect complex. Theorem 1.3. Let R be any ring and S ⊂ R be a left denominator set.
(1) 
• in the derived category of R-modules.
• ] where Cone(f )
• denotes the cone of f . In the above description, one may replace every occurrence of perfect complex by strictly perfect complex.
Proof. This follows from the construction of the localisation sequence from a cofibre sequence of certain Waldhausen categories [WY92] , the algebraic description of the first Postnikov section of the associated topological spaces [MT07] , the identicalness of K-theory and 'derived' K-theory in degrees 0 and 1 [Mur08, Thm. 5.1], and the explicit description of the boundary homomorphism [Wit10, Thm. A.5].
Remark 1.4. We stress that Theorem 1.3 might not give a presentation of K 1 (R) or K 1 (R S ). We have only listed the relations which are obvious from the description as the kernel of a certain group homomorphism given in [MT07] . The precise set of relations will not be needed in the subsequent arguments.
The derived tensor product with an R ′ -R-bimodule M which is finitely generated and projective as R ′ -module defines a group homomorphism K 1 (R) → K 1 (R ′ ). In order to define this map in terms of the above presentation with perfect complexes, we can use the following Lemma 1.5. 
Proof. This follows from the well-known fact that the morphisms from a strictly perfect complex Q
• to a complex P • in the derived category are the same as the set of homotopy classes of complex homomorphisms
We may now define
for any choice of f ′ as in the lemma. The construction extends to our presentation of K 1 (R S ) and K 0 (R, R S ) in the obvious way.
Given an admissible ℓ-adic Lie extension Y → X we shall put as in the number field case
In particular, G is a semidirect product of H and Γ. We will write Λ O (G) for its Iwasawa algebra with coefficients in the valuation ring O of a finite field extension of Q ℓ and Λ O (G) S for the quotient ring with respect to Venjakob's canonical Ore set
In most situations, we omit the subscript O. Considering the localisation sequence for S ⊂ Λ(G), we can even prove that it gives rise to a split exact sequence
[Wit11b, Cor. 3.4]. We also recall that
carries a natural structure of a profinite group [FK06, Prop. 1.5.3]. As in [Kak11] , we define
If ρ : G → GL n (O) is a continuous character for the valuation ring O of any finite field extension of Q ℓ , we obtain an evaluation map
Here, Λ(Γ) S is the localisation of Λ(Γ) at the prime ideal generated by the maximal ideal of O, the map pr is the canonical projection, and the map tw ρ is given by
on morphisms f of strictly perfect complexes
We stress that none of the results of this section are specific to the geometric nature of our conjecture. They apply equally well to the number field case.
1.3. A Crash Course in Etale Cohomology. Next, we need to find an analogue of the Λ(G)-module X (F ∞ ) that features in the main conjecture for number fields. For this, it is necessary to take a step back and have a look at the larger picture.
In the following, we will make heavy use of the formalism ofétale cohomology. We have to refer the reader to [Mil80] for a thorough introduction.Étale cohomology is a cohomology theory in the spirit of sheaf cohomology on topological spaces. It is related to the cohomology of theétale fundamental group just as this sheaf cohomology is related to the cohomology of the classical fundamental group.
For any noetherian ring R and any scheme X (of finite type over a sufficiently nice base scheme, e. g. Spec F q or Spec Z) one defines a certain abelian category of constructibleétale sheaves of R-modules Sh(X, R) together with
• a global section functor Γé t (X, ·) assigning an R-module to any sheaf in Sh(X, R),
• , i. e. a complex of flasque sheaves that may be used to define higher derived functors. We may apply the section functor to each degree of the Godement resolution to define a total derived section functor
and likewise, we may also define a total higher derived image functor R f * . If f : X → Y is a separated morphism of finite type over a noetherian scheme Y , we can fix a commutative diagram
with an open immersion j and a proper morphism f c . We may then define a total derived image functor with proper support
as an analogue of the total derived image functor with compact support from topology. (One can prove that this construction is independent of the choice of X c up to quasi-isomorphism, see [Del77, Arcata, IV, §5].) If X is separated and of finite type over F q , we may apply this construction to the structure morphism s : X → Spec F q to define a total derived section functor with proper support
This construction works fine for finite rings R, but it does not give the right cohomology groups if we apply it directly to rings such as Z ℓ or Λ(G). Instead, we have go a step further and define a continuous version of it. The following definition is a straight-forward generalisation of [Del77, Rapport, Def. 2.1] (see also [Gro77, Exp. VI]). Definition 1.6. Let R be a profinite ring. A flat R-sheaf on X is a projective system (F I ) indexed by the open (two-sided) ideals of R such that F I is a flat sheaf in Sh(X, R/I) and such that for I ⊂ J the transition morphism
We denote the category of flat R-sheafs byŜh(X, R).
The above constructions of R f * and R f ! extend to R-sheaves by applying them to each element of the projective system individually. We redefine the total derived section functor by additionally taking the total derived inverse limit of the resulting projective system of complexes.
In order to give an R-sheaf on X, it suffices to know it on a cofinal system of open ideals. In particular, if F = (F (ℓ n ) ) is a flat Z ℓ -sheaf and f : Y → X is an admissible ℓ-adic Lie extension with Galois group G, we obtain a flat Λ(G)-sheaf
To check the conditions in Definition 1.6, it suffices to observe that the stalk
. Moreover, we may assign to each continuous Z ℓ -representation
by choosing U n = ker(πé
In this way, the category of continuous Z ℓ -representations becomes a full subcategory ofŜh(X, Z ℓ ). More generally, we may replace Z ℓ by any compact noetherian commutative ring. If X is theétale analogue of a K(π, 1)-space, e. g. a smooth affine curve over a finite field of characteristic prime to ℓ or an open dense subscheme of Spec O F [ 1 ℓ ], then thé etale cohomology R Γé t (X, M(ρ)) agrees with the continuous group cohomology of ρ, but in general, it is theétale cohomology and not the group cohomology that leads to the right constructions.
The following complex is our replacement for the module X (F ∞ ). We will explain this in more detail in Section 3. Definition 1.7. For any flat Z ℓ -sheaf F we set
By construction C(Y /X, F ) is a complex of Λ(G)-modules. We can say even more:
there exists a bounded complex Q
• of finitely generated, projective Λ(G)-modules and a quasi-isomorphism q : . Both proofs use that Λ(G) is compact for the topology defined by the powers of the Jacobson radical Jac(Λ(G)):
In particular, G admits a fundamental system of neighbourhoods (U n ) of open normal subgroups indexed by the positive integers such that the kernel of Λ(G) → Z/ℓZ[G/U 1 ] is contained in Jac(Λ(G)). The Künneth formula for the trivial product of X with the spectrum of its base field implies that there exists a quasi-isomorphism
. By sucessively applying [Gro77, XV, 3.3, Lemma 1] (the proof of which uses lifting of idempotents for Λ(G) as a central ingredient) one finds a quasi-isomorphism of projective system of complexes
is an isomorphism (not merely a quasi-isomorphism) of complexes. We set
Using that projective systems of finite modules are lim ← − -acyclic [Jen72, Cor. 7.2], we obtain a quasi-isomorphism
Each Q k is projective as a compact Λ(G)-module [Bru66, Cor. 3 .3] and the complex Q
• is bounded. Moreover, since the transition morphisms in the system (Q • n ) are surjective, we have
Hence, each Q k is finitely generated by the topological Nakayama lemma. In particular, Q k is also projective as abstract Λ(G)-module.
The Künneth-formula for the trivial product as in the proof above shows that C(Y /X, F ) behaves well with respect to derived tensor products. In particular, we have quasi-isomorphisms
1.4. L-Functions. In this subsection we will recall Grothendieck's and Deligne's fundamental results on L-functions for Z ℓ -sheaves on the scheme X over F q . In the case ℓ = p this is complemented by a result of Emmerton and Kisin [EK01] .
Let X be a geometrically connected scheme of finite type over F q . We let X 0 denote the set of closed points of X. For any x ∈ X 0 we let deg(x) denote the degree of the residue field k(x) of x over F q and N (x) = q deg(x) the order of k(x). Furthermore, we fix an algebraic closurek(x) of k(x) and let denote F x ∈ πé t 1 (X,
as direct analogue of an Artin L-function for a number field. Different from the number field case, we obtain L A (ρ, s) by evaluating the formal power series with There is a second power series that we may attach to the O-sheaf F . Recall that the determinant induces an isomorphism det :
Let s : X → Spec F q denote the structure morphism. By the same argument as in the proof of Proposition 1.8, the complex Γé t (F q , R s ! F ) is a perfect complex of O-modules with an action of the Frobenius F ∈ Gal(F q /F q ). We may set
The interesting property of L ! (F , t) is that it is in fact a rational function. To see this, we use Lemma 1.5 to replace F by an endomorphism f on a strictly perfect complex Q • . By the relations given in Theorem 1.3 we may then write
We introduce the power series
to measure the difference. Furthermore, we set
and write O{t} for the localisation of O t at the multiplicatively closed subset of those elements which become a unit in O [[t] ]. In particular, we have
Theorem 1.9. Let ℓ be any prime, O a compact, commutative, noetherian Z ℓ -algebra and F an O-sheaf on X.
(
In particular, we have L(F , t) ∈ O{t} × in both cases.
Proof. Assertion (1) follows from [Del77, Fonctions L mod ℓ, Thm. 2.2] by passing to the projective limit. Assertion (2) for q = p is [EK01, Cor. 1.8]. It remains true for q = p n because the v for a scheme X/F q considered as a scheme over F p is obtained from the original v by replacing t by t n .
In fact, Theorem 1.9.
(1) remains valid for non-commutative coefficients [Wit09] . The formulation of a reasonable non-commutative version of Theorem 1.9.(2) poses additional technical difficulties related to the fact that for non-commutative O, the map
We use the above theorem to construct the true analogue of the Iwasawa power series of the classical ℓ-adic L-function. Lemma 1.10. Let γ ∈ Γ ∼ = Z ℓ be a topological generator, O a compact, commutative, noetherian Z ℓ -algebra. The assignment t → γ −1 defines a ring homomorphism
. We need to show that f (γ −1 ) ∈ S. The set S consists of those elements in Λ(Γ) whose reduction modulo every maximal ideal m of O is not zero. Now the reduction of f (γ −1 ) modulo m is a polynomial in γ −1 whose constant coefficient is a unit in O/m.
In particular, we may apply this lemma to Γ = Gal(F q ℓ ∞ /F q ) with γ being the image of the Frobenius F ∈ Gal(F q /F q ). We then have elements
. for every flat O-sheaf F on X. Assume that ℓ = p and let κ : Gal(F q /F q ) → Z × ℓ denote the cyclotomic character. For any Artin character ρ : πé
for n ∈ Z. (This holds also for the leading terms.) For ℓ = p one should not expect to obtain an analogous result, for in the padic world, the Tate twist of the motive defined by ρ does not correspond to a continuous character κ, but takes on a very different shape. However, we may still view L(F , γ −1 ) as an interpolation of the leading terms of L(M(ρ) ⊗ Z ℓ F , t) at t = 1. 
S for any continuous representation ρ ∈ C(G).
Recall that for ℓ = p, we have L ! (F , t) = L(F , t) in the commutative situation. Thus, in this case, the above result is indeed a full analogue of Theorem 1.1. Note that we do not need to assume a µ = 0-conjecture. We can directly prove the much stronger S-torsion property.
In fact, the result in [Wit10] is more general than the one stated above. By replacing the fundamental group by an arbitrary principal covering, one may also deal with nonconnected schemes. Moreover, the theorem still holds if G is no longer an ℓ-adic Lie group, but topologically finitely generated and virtually pro-ℓ. This applies for example to the maximal pro-ℓ-quotient of the fundamental group πé t 1 (X, ξ). We may also replace Z ℓ by more general coefficient rings, for example, the valuation ring of any finite field extension of Q ℓ .
For ℓ = p, Burns proves the following result: Bur11b] ). Let p = 2. Let f : Y → X be an admissible p-adic Lie extension of a geometrically connected scheme X of finite type over
Again, the restriction to geometrically connected schemes and to ℓ-adic Lie groups may easily be lifted. However, it is not clear that ζ(F ) satisfies the interpolation property with respect to all continuous representations. The exclusion of the prime 2 in the statement is a purely technical restriction. There is no reason to expect any odd behaviour for the even prime. Also for technical reasons, we may not replace Z p by the valuation ring of any finite extension of Q p . At present, we can only deal with unramified extensions.
Sketch of Proofs
We will give a fairly detailed sketch of the proofs of Theorem 1.11 and Theorem 1.12 below. In some details we will deviate from the original proofs in [Wit10] and [Bur11b] , but the general ideas remain the same.
2.1. On the Proof of Theorem 1.11. We begin by assuming that we already know that C(Y /X, F ) is S-torsion. The proof of the existence of the non-commutative L-function ζ ! (F ) is very different from the number field case: We are in the happy position to be able to give an explicit construction of a hot candidate for ζ ! (F ). The proof then boils down to verifying that this candidate does indeed satisfy the required interpolation property.
Let X be the base change of X to the algebraic closureF q of F q and set
The geometric Frobenius F ∈ Gal(F q /F q ) acts on this complex and from the Hochschild-Serre spectral sequence it follows that there exists a distinguished triangle C(Y /X, F )
is S-torsion we see by Theorem 1.3 that [id −F ] is a class in K 1 (Λ(G) S ). We take the inverse of it as our definition of ζ ! (F ). Since C(Y /X, F ) is the cone of id −F it follows again by Theorem 1.3 that ∂ζ
The construction of [id −F ] is compatible with taking derived tensor products. In particular, we have
for any continuous representation ρ ∈ C(G). It remains to verify that ζ ! (F ) = L ! (F , γ −1 ) for any flat Z ℓ -sheaf F and the cyclotomic Z ℓ -extension X cyc /X. This follows from the commutativity of the diagram
in the derived category of complexes of Λ(Γ)-modules, with η denoting the canonical quasi-isomorphism.
We will now give a sketch of the proof of the S-torsion property. As before, let H = ker(G → Γ). The general case is easily reduced to the case that H is finite by considering quotients by open subgroups of H which are normal in G. From now on, we assume that H is finite. In particular, Y may be viewed as a scheme of finite type over F q ℓ ∞ . Moreover, in this situation, the cohomology groups of C(Y /X, F ) are S-torsion precisely if they are finitely generated as Z ℓ -modules. Hence, the S-torsion property follows from Proposition 2.1. Assume that H is finite. For each integer i,
In particular, the cohomology groups of C(Y /X, F ) are finitely generated as Z ℓ -modules.
Proof. We first note that
where the limit goes over the finite Galois subextensions of Y /X. From this, we see that we may replace X by an appropriate V and enlarge F q if necessary such that we may assume that Y is the cyclotomic Z ℓ -extension of X and that
The cohomology groups H i c (X, F ) are known to be finitely generated Z ℓ -modules, even in the case ℓ = p [Del77, p. 84 § 2.10] (or use Proposition 1.8 for G = 1). Since Gal(F q /F q ℓ ∞ ) is of order prime to ℓ the Hochschild-Serre spectral sequence gives us
, which is still finitely generated over Z ℓ .
Let X n denote the subextension of degree ℓ n in Y /X. From the Hochschild-Serre spectral sequence we obtain a short exact sequence F ) is finitely generated over the noetherian ring Z ℓ , the increasing family of submodules H i+1 c (Y, F ) Γ ℓ n becomes stationary. This means in turn that the inverse limit with respect to the norm maps vanishes. Hence,
is the compactification of the Λ(Γ)-module H i c (Y, F ). However, this module, being finitely generated over Z ℓ , is already compact and therefore, 
We extend the defintion of v(F , t) to the non-commutative world by setting
for any compact noetherian ring A (not necessarily commutative) and any flat Asheaf F . Note that the sum converges in the profinite topology of
because there are only finitely many closed points of X of a given degree. Note further that the definition of v(F , t) is compatible with derived tensor products in the following sense: If B is another compact noetherian ring and P a B-A-bimodule which is finitely generated and projective as B-module, then the image of v(F , t) under the map
by Proposition 1.9. In particular, we may consider its image v(F , 1) ∈ A × under the homomorphism A t Proof. Choose A = Λ(G), B = Λ Oρ (Γ). By the compatibility with derived tensor products we conclude that
One then checks using the diagram (2.1) on page 11 that
Unfortunately, it is a priori not clear that we can evaluate the element v(F G , t) in 1 if G is not commutative. Even if we knew that v(F G , t) was in the image of
, the map could still be so far from injective that the evaluation of an element in the preimage of v(F G , t) in t = 1 depends on the particular choice of it.
However, we will prove below that the evaluation is possible for a p-adic Lie group G under the hypotheses (H1) G contains an open central subgroup Z, (H2) G is a pro-p-group, (H3) There exists a system of representatives R ⊂ G for the cosets in G/Z which contains 1 and consists of full G-orbits, (H4) O is the valuation ring of a finite unramified extension of Q p and p = 2 introduced in [SV12] .
Recall the notation S(G, Z) = {U : Z ⊂ U ⊂ G} and the homomorphism
We also recall from loc. cit., Theorem 4.10, that under the above hypotheses the kernel of θ G Z is the group SK 1 (Λ(G)) and that its image consists of precisely those elements satisfying the congruence conditions (M 1)-(M 4) given in loc. cit., before Lemma 4.6.
Note that if G satisfies (H1)-(H3) then so does G × Z p , with Z replaced by Z × Z p . Moreover, we may canonically identify
via the projection map. Using the isomorphism Λ(G × Z p ) ∼ = Λ(G) [[t] ] that maps 1 ∈ Z p to the power series 1 − t and the map θ
G×Zp
Z×Zp we obtain a homomorphism
Proposition 2.4. Assume (H1)-(H4). There exists a unique homomorphism ε filling the commutative diagram
Proof. Since the homomorphism θ G Z in the diagram is injective, it suffices to show that the evaluation in t = 1 of an element in the image of θ t lies in the image of θ G Z . As noted above, the images of θ t and θ G Z may be described by a list of explicit congruences (M 1)-(M 4). Let
We will exemplarily check that f (1) satisfies
Here, σ
and ver
is the unique continuous ring homomorphism which coincides with the transfer map on V ab and with the absolute Frobenius automorphism on the coefficient ring O.
for the indeterminate t. We conclude that the power series ver
U×Zp (f (t)) lies in Λ(U ab ) t × and that its evaluation in 1 agrees with ver V U (f V (1)). By assumption, there exist a power series
Hence, for every n, σ
is compact, the image of the continuous map σ V U is closed and therefore, there exists an x ∈ Λ(U ab ) with
Similarily, one shows that f (1) also satisfies (M 1), (M 2), and (M 4). In each case, the main step is to verify that each of the maps involved in the formulation of the respective congruence relations are compatible with the evaluation in 1. This can be achieved by a quick inspection of the corresponding definitions given in [SV12] . The first case has been settled in Proposition 2.3. Therefore, assume that H is a finite p-group. Using Proposition 2.4, we may set
The interpolation property is then verified as in Proposition 2.3. This concludes the proof of Proposition 2.2 and hence, also the proof of Theorem 1.12.
Note that our θ t differs from the one used in [Bur11b] . Instead of using the identification Λ(G) [ We also remark that
by [Wit09, Prop. 5 .3].
Main Conjectures for Function Fields
In this section, we will consider the special case that X is a geometrically connected smooth affine curve over F q . Let F denote the function field of X, X c the smooth compact curve with function field F and Σ = X c \ X. Every admissible ℓ-adic Lie extension Y /X may then be seen as a Galois extension F ∞ /F such that (1) the Galois group G of F ∞ /F is an ℓ-adic Lie group,
Assume that ℓ = p and let Z ℓ (1) be the Z ℓ -sheaf on X corresponding to the cyclotomic character Gal(
Poitou-Tate duality then implies
in perfect accordance with the number field case [Kak11, §2.3]. Since Y is K(π, 1), one may replace the appearance ofétale cohomology of Y by the Galois cohomology of πé t 1 (Y, ξ) if one desires. One of the major differences between number fields and function fieds is that Spec Z has no sensible compactification in the category of schemes. In particular, the standard construction of the total derived section functor with proper support does not work. However, the above duality statement explains why the complex C(F ∞ /F ) that appears in Kakde's work is a sensible replacement.
As in the number field case, we let X (F ∞ ) denote the Galois group of the maximal abelian ℓ-extension of F ∞ unramified outside Σ. A quick calculation then shows
Beware that the module X (F ∞ ) in itself may have no finite projective resolution and therefore, no well-defined class in K 0 (Λ(G), Λ(G) S ) if G has elements of order ℓ. If we additionally assume that such elements do not exist, then
in K 0 (Λ(G), Λ(G) S ) and Theorem 1.11 gives the precise equivalent of Theorem 1.1 plus the vanishing of the µ-invariant.
A precise equivalent of the non-commutative Iwasawa main conjecture for elliptic curves over number fields [CFK + 05] can be deduced from Theorem 1.11 by considering the Z ℓ -sheaf on X given by the ℓ-adic Tate module (ℓ = p) of an elliptic curve or, more generally, any abelian variety over F . More details are given in [Wit11a] .
The case ℓ = p looks more difficult and seems very different in nature. Theorem 1.12 may be applied to the constant sheaf Z p on X to deduce a main conjecture for the leading terms of the Artin L-functions L A (ρ, s) in s = 0. The cohomology of the complex C(Y /X, Z p ) is concentrated in degree 2 and its Λ(G)-dual is related to the inverse limit of the p-parts of the class groups of the intermediate fields [Bur11a, Prop. 4 .1]. However, we cannot apply Burns' theorem to obtain interpolations of the leading terms in s = n for arbitrary n as the natural constructions of the Tate twists Z p (n) via Bloch's cycle complexes do not give Z p -sheaves in our sense. Moreover, the formulas for the leading terms of the zeta functions deduced by Milne [Mil86] and others hint that there is a 'tangent space' contribution from the DeRham-complex which should appear in the boundary term of a non-commutative p-adic L-function at non-zero Tate twists. An equivariant generalisation of Milne's formulas is still missing.
Completing the work of Ochiai and Trihan [OT09] , a noncommutative main conjecture for abelian varieties over F in the case ℓ = p is formulated in [TV11] and there is progress towards a proof, at least under certain hypotheses. The conjectured interpolation property is only for the leading terms of the L-functions of Artin twists of the abelian variety in s = 1. Instead ofétale cohomology the authors use flat cohomology as in [KT03] . The boundary of the conjectured noncommutative L-function is given by the flat total derived section complex of the (flat) p-adic Tate module plus a tangent space contribution given by the total derived sections of the Lie algebra of the abelian variety. One might be tempted to apply Theorem 1.12 to the Z p -sheaf on X given by the (étale) p-adic Tate module, but the L-function of this sheaf differs from the L-function of the abelian variety and it is not clear how to handle the difference.
Fixing a place p of the function field F , one may speculate about yet another, completely different, approach to formulate an analogue of the Iwasawa main conjecture, with the valuation ring A p of F p taking over the role of Z p . One can define a characteristic p version of an L-function taking values in the completion of the algebraic closure of F p [Gos96] and one can prove formulas for special values of characteristic p L-functions [Laf09] . According to the general philosophy, a possible analogue of the Iwasawa main conjecture should then give information about the limit of these values if F varies in a suitable family of field extensions. Such a suitable family might be given by the extensions obtained from Drinfeld-Hayes modules. These are widely regarded as the right analogues of cyclotomic extensions in this setting.
